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Abstract

We give a strong converse inequality of type B in terms of unified K-functional
K3(f,)(0<i<1, 0<a<?) for Baskakov operators.
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1. Introduction

The direct and converse inequalities in the sup-norm for positive linear operators,
given in terms of higher-order Ditzian—Totik modulus of smoothness have been
widely discussed. For the Bernstein polynomials [1]:

Ba(f,x) = sz(’f) (5 )va -0
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Ditzian [1] gave an interesting direct estimate

@' (x)
N

where wi S0 = SUP0<11<1SquJ_rh(pi(x)e[o,lﬂAi(pz f(x)|, which unified the classical
estimate for A = 0 and the norm estimate for A = 1. Using the higher-order weighted
modulus of smoothness wfp’;(f,l (0<A<1), in [5] we got the direct, converse and

|Bn(f,x)f(x)|<Cw§,,~.(f, ) 0<Ai<1, o(x) = /x(1 —x),

equivalent theorems for the linear combinations of Bernstein operators.
As the inverse results, E. Van Wickeren proved in [10]

wi(f,%)gCn‘lz I1Bif —fl, (0<a<2), (1.1)
k=1

where Wi (f, )—Sup{<P ()| Ay S (¥)] - X, xho(x)€[0,1],0<h<1}, ¢(x) =
V(T =x), 83, f(x) = f(x +ho(x) = 21 (x) + £ (x = ho(x)), | f1], = llo™*Fl o)

)
But this is only a norm estimate (with w ( f, 1)), not including of the classical one
(with @?(f,1)).
Ditzian and Ivanov [2] gave the strong converse inequality of type B for the
Bernstein operator, which means that there exists a constant K such that

g (f, )<C(\|Bf HMlew +1BrnS =l (1.2)

7

where 2 (/1) = supy_y< |47, /11, 0(x) = /x(1 = x).

Totik [9] extended the Ditzian—Ivanov result to a large family of operators. With
regard to strong converse inequalities of type A, we reference Totik’s paper [§]
dealing with the L., -norm for the Bernstein, Szasz and Baskakov operators, and the
work by Gonska and Zhou [4] concerning the L,-norm (1 <p< o) for Bernstein—
Kantorovich operators.

For feC[0, «0) (the set of bounded and continuous functions), the Baskakov
operators are defined by

- ;f@) Vak(x), - Var(x) = <n+i 1>xk(1 +x)

In [6], we obtained a Stechkin—Marchaud-type inequality similar to (1.1) for
Baskakov operator, there, we failed getting a result of type (1.2).

To state our results of this paper, we give some notations (cf. [6]):

For 0</<1, 0<a<2, ¢*(x) = x(1 + x), we write

Co={feCl0,0):f(0)=0}, C*={feC:f"eCl0,x)}

/1o = sup " V()£ /15 = Sup)Iqo”“(*")(X)f"’(X)I’

x€(0,00) x€0,00
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Cu={feC,llfllo<w}, C,={feCflli<x},
Ki(f,F) = inf {11/ = gllo + 7llgll3}-

With the K-functional K7( f,#*)(0<A<1,0<a<2), we obtain the strong converse
inequality of type (1.2) for Baskakov operators:

Theorem. Suppose 0<i<1,0<u<2,fe CE_W there exists a constant K > 1, for [ = Kn,
we have

/ . ¥ *
K3 (13) <CLaf =1l + It 11

Throughout this paper, C denotes a constant independent of n and x, but it is not
necessarily the same in different cases.

2. Lemmas

In order to prove our main result, we give some fundamental lemmas.

Lemma 2.1 (Ditzian and Totik [3]). For xe|0, o0), we have

Vo(l,x) =1, Vut—x,x)=0, V,((t—x)*x)= q)z()C)7

*(x)

n3

(98]
S
=
=
<

(14 2x)2 + 207 (x)) < c("’4<x) "’Z(X)> :

+
n? n’

Proof. From the recursion relation ([3] (9.4.13)), by simple calculations, we can
obtain these results about moments. [

Lemma 2.2.
= 4k +1 B
So (—) Va0 <To (), (n23), 1)
k=0
0 3 ,
> V()< +x)7,  (n=4) (2.2)
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Proof. For n>3, by simple computation, we get

zw: _4(k+ ) V24 (x)

(k +2)n*(n + k)
B 22 (k+1Dn+k+1 )(n+1)n(n—1)(n—2)V”*2*"+2(x)

\xz(l + x)

That is (2.1).
Similarly, for n>4, we can get (2.2) by the relation

Z nk )
k=0
3i n +k—1)(n+k—2)(n+k—3)V73k(x)
—~ (n+k) (n—1)(n=2)(n—3) ’
<H(1+x)7°. O
Lemma 2.3. For re N,—2r<pu<0,xe(0, 0),te|0, c0), we have
I
W o () du| < CJt — x["(@" () + ¥2(1 + 1)2).
Proof. Letu:tJrr(x—t) 0<t<1, then
r 1 ﬂ 1 1,u/2 g g
\t u) du| < |t W du| - (14+x)2+ (1 4+ 1)2)

< /1 o= (mx 4+ (1= D0 de((1 + )2 + (1 +0)7)
0

! p p
<t —x|" / T2 e (14 x)2 + (1 +1)2)
0

!
r4u/2

t— X (@"(x) + 21+ 0)2). O

Lemma 2.4. For 0<)<1, O<a<?2, feC;,, n=3, we have

o> V' fllo< CVall f115, (2.3)
and

o V' Nl < Canl| £ 13- (2.4)
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Proof. Using the relations Viax(x) = (n+2)(£—x) Viiok(x) and

@*(x)
Vi(f,x) =n(n+1)3"2 Vieak(x) if(k) we have

™ V(S )]

- k
= [n(n+ D(n+2)e' ™ V(x) ( — x> Vir2.k(X)
= \n +2

11
x/n/nf”<l—c+s+t> ds dt
o Jo n

<115 - 0" (n(n + 1)(n +2)

5 1 1
x i ELENEN ANTAY / ’ / ! <p‘2‘°‘“‘”<]f+s+t) ds dr.
—0 n+2 ’ 0 0 n

Using the Holder inequality and the relation (cf. [7]):

/ / ( +u+v) aluden(nfr 1)\/1_2(]{:1),

we can get

1
1 .1 ) k
@201 ( s z) ds dt
A n

2+x (A= 2+0((171)

([ froErrr)aa) (// )

2+o(A—

: C k+1 )
< a(A-1) | 02
" <<n+1>” < n ))

1
— Cn 72q072 a(2—1) (k+ )’ (25)

n

thus, by the Holder inequality and Lemmas 2.1, 2.2, we can deduce,

| V(2 < I D (n(n + 1) (n +2)

(5 () o)
1

1 1 2
0 nn o (K
o (; (/0 /0 o 1)(n+s+t> dsdt> Vn+21k(x))
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n+2 n?

1
o k+1 2
x <Z @ P < )Vn+2,k(x)>
=0 n
2+a(A—1)

P < (k+1 4
<C||fl5v/ne (x) g o\ Vo k(%)

k=0
<CVa|| )5

This is (2.3). Next we prove (2.4).
By [3, (9.4.3)] we have

2 x 1/2 )
<ClIf\n(n+ 1)(n +2) ("’ ( ’) PO () . L

VAT

=|n(n+1)(n+2)e 2+a(A— 1)( )Z Eif(%) Vs (x)]
1
n (k+l+u—|—v> du dv| Vi3 5(x)

—i—ZO /OE/OEf//(SJ'—u—’_U) dudv|V, n+3k( ))

= CP V(X)) (I, + I).

< Cn3 (P2+<x A—1) (
k=

From (2.5) and the procedure of the proof of (2.1), we get
o0
L<|If113 Z

1
’2“} 1( + +u+v)dudv
k=0

* o — —2—o(A—1 k+2 * =2 —2—a(i—
C||f||2n22 R o A R )

n+3 k( )

1

n

h< ||f||2

; k
g0,2%(;.71) <Z +u+ U) du dvo| Vi3 (x)

E - —2—oa(i— k+1 *_ -
</ 2Z<p o (S5 p s < il o ),
k=0

Hence we have

o> D () (£, ) < Cnll S
This is (2.4). O
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Lemma 2.5. For 0<A<I1, 0<a<2,n>4, fO(x)eC),, i=0,1,2,3,¢°f"eC)

AD{’

have

2 f//

H Vif -7 3110 11l + 2l 1), (2.6)

0

Proof. We expand f(¢) by the Taylor formula
t

110 = £+ Qe =)+ 5 W0 =0+ [ (1= 0P "0 o

X

and use Lemma 2.1 to obtain

@) (x) <Vn(f, ¥) = f(x) — @ (x) //(x)>

i I/ %), 7)

where 1,(,3) = 5 0" () V(L — 0 " (0) v, ).
By [3, (9.4.14)], for xeE, = [}, ), we have

2m
m QX
Vo((t — x)™, x)<C nrs ) (2.8)
By Lemma 2.1, for xe ES = [0,1), we have
4 @’ (x)
Va((t—x)",x)<C L (2.9)

Next we will estimate (2.7) in two cases: xe E, and xe Ef.
For xe E,, by (2.8) and Lemma 2.3, we can get

k

ey re

e k _
||(P f///H* u(A— 1( )Z /X mdﬂ Vnk( )

k=0

o0

B0l 500 Y

k=0

mG (x)

o) 34a(A-1)
3+o(i—1 - 2
% |:¢31().1)(x) + xT(l _|_k> :| Vn‘k(x). (2.10)
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Using (2.8) we get

o)
Z lf_x §0737a() 1)(x)V,,k(x)
=0 I
o0 k 6 %
<(P73 o2 l)(x) ——X Vnk(x)
=0 I
Samam1), 9 (X) I
<Co UV ()= = Cn 29 (),
n2

3ta(4
© |k 3 34a(i-1) 2
Z ——X| X 2 <1+—
=0 I
3a(i-1) [ 20 |k
<Xx 2 —— X

Cx™ 2 ——=-

X i

From (2.10)-(2.12) we obtain for xe E,
g -3 3 oy x
11(S5 %)< Cn2 |7 f7 -

For xe ES, by Lemma 2.3 we have

(sl 500

I

k_
n

< llo>/"lo0™ " (x) - Y

k=0

o0

< o> /"loo™ "V (x) -y

k=0

Vn,k (X)

2
v) S (v) dv|Vyr(x)

St

& —of?

/x Wl()dv Vi (x)

(2.11)

(2.12)

(2.13)
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Note that for xe E¢, ¢(x) ~+/x, so we have for xe E¢

a0 ¢ (x(1 )

) 2+a(2-1) ,
é(prfoc(/ﬁl)(x) + xiaTSz(pizia(/ﬁl)(x).

2+a(i—1)
2

Hence we get for xe ES by (2.9)

3
[1,(f, )| < Co™ V(@) D)l g Y | = o] Vi)

k=
1 1

o0 k 2 0 k 4 2

||‘P f”l”o Z n v Vnk (x)] - Z n v Vn,k(x)
k= k=0
<Cn”?[0” 1"'[[5. (2.14)

Combining (2.13) and (2.14), we obtain
1S, <CoP 10 ][5 + 1|07 £]10)-

Thus we have proved (2.6).

Lemma 2.6 (Guo et al. [6, (2.1)]). For 0<i<1, O<a<?2,f€ CE’W we have
1Vaf 1< Callf1lo-

Lemma 2.7 (Guo et al. [6, Lemma 2.5]). For 0<y<2,t>0,x>1t, and either of

(1) 0<r<1,
(il) x=2t¢

is salisﬁed then we have

/ / M(x 4 u+v)dudv< C(y) o7 (x).

Lemma 2.8. For feC? , we have

1V 1o <211/ o-
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Proof. By the relations V,(t,x) = x, V,,(*,x) = @ + x? and the Hélder inequality,
we can write

A1) () S k |
P S Vi () <

A— - o(1— k
oY Va2 (2)
k=0

o0

<|Iflo - w““‘”(ﬂ(

<2|If1lo-

(=]

=
bl
—~
=
SN~—
hS)

(38
N
I |
N———
N———

a8}

h—

3. Main results

With the lemmas in Section 2, we will prove our main results in this section.

Theorem 3.1. Suppose 0</.<1, O<a<2,n=4,fe Cg’a, there exists a constant K > 1,
for I=Kn, we have

1 [ . x
K3 (£23) <OVt ~ A5 417 =118

Proof. Using the definition of K%(f,1) and Lemma 2.8, we have

KL<~ Vs 4 VA5 <20Va 1+ 12115 B.1)
From Lemma 2.5, we have
2012 ;A\
i -3 £ - .
(nzn - var =0 <o win i+ 10020 )
0

therefore, combining Lemmas 2.4, 2.6, 2.8, we get
VALV = Va Al C3 o (V2 s + €20 (V2 1)
<IWVUVEL) = V2 1o+ CEaIlVa £l + C 2l Vi f 1
= (|[Vi(V2Ef = Vo) + ViVaf =f)+ Vif —f +f = Vaf + Vaf — V2AII}
+ U+ I Vf = V2L + V3
<CUWVLf ~flly + 1Vaf = Flly + (303 + P2V f — £l
(P P)VELI).

3
For /> Kn, we can choose K> 1 such that C(I"2y/n+[2n)<4;.
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Then, gV fIG<SCUIVif —fllo+1Vaf —fllo-  Therefore, (3.1) implies
Theorem 3.1. [

Theorem 3.2. Under the condition of Theorem 3.1, one has
0"V ()AL, () S CKE(f, o (x)),
where A2, f(x) = £(x + ho*(x)) — 2£(x) + f(x — hg(x)).

Proof. According to the definition of K¥(f, £2), for fixed x,4,a, there exists Ix)0
= ge C?, such that

1/ = gl + o™ D (x)llglls <2K;(f, o™ (x)). (32)
On the other hand,
At S (O <[5 (f = 9) ()] + 187,29 (x)]- (33)

For the first summand of (3.3), since ¢*!~#)(x) is a monotone increasing function
and x> he*(x), 0<a(l — 1)<2, we have

|85 (f = )| =1(f = 9)(x + 7o (x)) = 2(f = 9)(x) + (f = g)(x — ho* (x))|
< IS = glly - 10" (x + ho* () + 20" (x)
+ " (x hw’(X))I
<1/ = glly - 10" (2x) + 30" A ()]
< 79" () - 1 = glls. (3:4)

For the second summand of (3.3), for x=>h¢*(x), by Lemma 2.7, we have

haD; (x) hw’; (x)
|Ah¢/g( )| ‘/11(pz(x) o (x) g”(x +u+ U) du dv
AR A

h«’;(X) /w;(X)
<|lgll> - ho'(x) | ho (x) o A (x fu+v) dudy
2 Y72
< Cllglli* 20 (x). (3.5)

Combining (3.3)—(3.5), we have
0™V f ()< CLS = glly + B0V (0)llgl[3) <2CKE (f, I 9?7 (x).

The proof is complete. [
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Corollary 3.1. Let A =1, feCJ|0, «0), there exist a constant K> 1 such that
1
ot (£172) <CUVaS =l + 1Vinf =l ) (3.6

here w(zp(fv l) = Sup0<h<tsupxih(ﬂ(x)e[0,7;)|A2(pf(x)|'

Proof. For . =1,K*(f,#*) is the usual K-functional K,(f,#*)=inf,{||f —
llcpo,0) + 12||(ng“\|c[07m),g’eA.C.loc}, which is equivalent to w} (f,?) (cf. [3]). One
immediately obtains (3.6) from Theorem 3.1. [

Corollary 3.2. For 0<a<2,0<A<1,f€Cl0, o0), we have
o
Valfsx) = f(x)| = 0( 2" (x )) =l (f,1) = 0("),

herew (f7 ) Sup0<h<tsup\c+h(p (x)elo |Ah(p ( )|

1
Proof. From the condition |V, (f,x) — f(x)| = O((n 2¢'~*(x))*) and Theorem 3.1,

we have Ki(f,})=0 (n_%) For ¢:0<t<1, we can choose neN such that
\/—<t<\/—7 then K2(f,*)<K?(f,n ')<Cr*. By Theorem 3.2, we get

0" V() Ah f () S CKE (S, 12077V () < CH ™D ().
That is ,(f,1) = O("). O
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