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Abstract

We give a strong converse inequality of type B in terms of unified K-functional

Ka
l ð f ; t2Þð0plp1; 0oao2Þ for Baskakov operators.
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1. Introduction

The direct and converse inequalities in the sup-norm for positive linear operators,
given in terms of higher-order Ditzian–Totik modulus of smoothness have been
widely discussed. For the Bernstein polynomials [1]:

Bnð f ; xÞ ¼
Xn

k¼0

f
k

n

� �
n

k

� �
xkð1 � xÞn�k:
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Ditzian [1] gave an interesting direct estimate

jBnð f ; xÞ � f ðxÞjpCo2
jl f ;

j1�lðxÞffiffiffi
n

p
� �

; 0plp1; jðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xð1 � xÞ

p
;

where o2
jlð f ; tÞ ¼ sup0ohpt supx7hjlðxÞA½0;1	jD2

hjl f ðxÞj; which unified the classical

estimate for l ¼ 0 and the norm estimate for l ¼ 1: Using the higher-order weighted

modulus of smoothness o2r
jlð f ; t ð0plp1Þ; in [5] we got the direct, converse and

equivalent theorems for the linear combinations of Bernstein operators.
As the inverse results, E. Van Wickeren proved in [10]

o2
a f ;

1ffiffiffi
n

p
� �

pCn�1
Xn

k¼1

jjBk f � f jja ð0pap2Þ; ð1:1Þ

where o2
að f ; tÞ ¼ supfj�aðxÞjD2

hjðxÞ f ðxÞj : x; x7hjðxÞA½0; 1	; 0ohptg; jðxÞ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xð1 � xÞ

p
;D2

hj f ðxÞ ¼ f ðx þ hjðxÞÞ � 2 f ðxÞ þ f ðx � hjðxÞÞ; jj f jja ¼ jjj�a f jjC½0;1	:

But, this is only a norm estimate (with o2
jð f ; tÞ), not including of the classical one

(with o2ð f ; tÞ).
Ditzian and Ivanov [2] gave the strong converse inequality of type B for the

Bernstein operator, which means that there exists a constant K such that

o2
jð f ;

1ffiffiffi
n

p ÞpCðjjBn f � f jjC½0;1	 þ jjBKn f � f jjC½0;1	Þ; ð1:2Þ

where o2
jð f ; tÞ ¼ sup0ohptjjD2

hj f jj;jðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xð1 � xÞ

p
:

Totik [9] extended the Ditzian–Ivanov result to a large family of operators. With
regard to strong converse inequalities of type A, we reference Totik’s paper [8]
dealing with the LN-norm for the Bernstein, Szász and Baskakov operators, and the
work by Gonska and Zhou [4] concerning the Lp-norm ð1oppNÞ for Bernstein–

Kantorovich operators.
For fAC½0;NÞ (the set of bounded and continuous functions), the Baskakov

operators are defined by

Vnð f ; xÞ ¼
XN
k¼0

f
k

n

� �
Vn;kðxÞ; Vn;kðxÞ ¼

n þ k � 1

k

� �
xkð1 þ xÞ�n�k:

In [6], we obtained a Stechkin–Marchaud-type inequality similar to (1.1) for
Baskakov operator, there, we failed getting a result of type (1.2).

To state our results of this paper, we give some notations (cf. [6]):

For 0plp1; 0oao2; j2ðxÞ ¼ xð1 þ xÞ; we write

C0 :¼ f fAC½0;NÞ : f ð0Þ ¼ 0g; C2 :¼ f fAC0 : f 00AC½0;NÞg;

jj f jj�0 :¼ sup
xAð0;NÞ

jjaðl�1ÞðxÞ f ðxÞj; jj f jj�2 :¼ sup
xA½0;NÞ

jj2þaðl�1ÞðxÞf 00ðxÞj;
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C0
l;a :¼ f fAC0; jj f jj�0oNg; C2

l;a :¼ f fAC2; jj f jj�2oNg;

Ka
l ð f ; t2Þ :¼ inf

gAC2
l;a

fjj f � gjj�0 þ t2jjgjj�2g:

With the K-functional Ka
l ð f ; t2Þð0plp1; 0oao2Þ; we obtain the strong converse

inequality of type (1.2) for Baskakov operators:

Theorem. Suppose 0plp1; 0oao2; fAC0
l;a; there exists a constant K41; for lXKn;

we have

Ka
l f ;

1

n

� �
pC

l

n
ðjjVn f � f jj�0 þ jjVl f � f jj�0Þ:

Throughout this paper, C denotes a constant independent of n and x; but it is not
necessarily the same in different cases.

2. Lemmas

In order to prove our main result, we give some fundamental lemmas.

Lemma 2.1 (Ditzian and Totik [3]). For xA½0;NÞ; we have

Vnð1; xÞ ¼ 1; Vnðt � x; xÞ ¼ 0; Vnððt � xÞ2; xÞ ¼ j2ðxÞ
n

;

Vnððt � xÞ4; xÞ ¼ 3j4ðxÞ
n2

þ j2ðxÞ
n3

ðð1 þ 2xÞ2 þ 2j2ðxÞÞpC
j4ðxÞ

n2
þ j2ðxÞ

n3

� �
:

Proof. From the recursion relation ([3] (9.4.13)), by simple calculations, we can
obtain these results about moments. &

Lemma 2.2.

XN
k¼0

j�4 k þ 1

n

� �
Vnþ2;kðxÞp7j�4ðxÞ; ðnX3Þ; ð2:1Þ

XN
k¼0

n3

ðn þ kÞ3
Vn;kðxÞp11ð1 þ xÞ�3; ðnX4Þ: ð2:2Þ
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Proof. For nX3; by simple computation, we get

XN
k¼0

j�4 k þ 1

n

� �
Vnþ2;kðxÞ

¼ 1

x2ð1 þ xÞ2
XN
k¼3

ðk þ 2Þn4ðn þ kÞ
ðk þ 1Þðn þ k þ 1Þðn þ 1Þnðn � 1Þðn � 2ÞVn�2;kþ2ðxÞ

p
7

x2ð1 þ xÞ2
XN
k¼3

Vn�2;kþ2ðxÞp7j�4ðxÞ:

That is (2.1).
Similarly, for nX4; we can get (2.2) by the relation

XN
k¼0

n3

ðn þ kÞ3
Vn;kðxÞ

¼ ð1 þ xÞ�3
XN
k¼4

n3

ðn þ kÞ3
� ðn þ k � 1Þðn þ k � 2Þðn þ k � 3Þ

ðn � 1Þðn � 2Þðn � 3Þ Vn�3;kðxÞ

p11ð1 þ xÞ�3: &

Lemma 2.3. For rAN;�2romo0; xAð0;NÞ; tA½0;NÞ; we haveZ t

x

jt � ujr�1jmðuÞ du

����
����pCjt � xjrðjmðxÞ þ x

m
2ð1 þ tÞ

m
2Þ:

Proof. Let u ¼ t þ tðx � tÞ; 0ptp1; thenZ t

x

jt � ujr�1jmðuÞ du

����
����p

Z t

x

jt � ujr�1
um=2 du

����
���� � ðð1 þ xÞ

m
2 þ ð1 þ tÞ

m
2Þ

p
Z 1

0

tr�1jt � xjr � ðtx þ ð1 � tÞtÞm=2 dtðð1 þ xÞ
m
2 þ ð1 þ tÞ

m
2Þ

p jt � xjr �
Z 1

0

trþm=2�1xm=2 dt � ðð1 þ xÞ
m
2 þ ð1 þ tÞ

m
2Þ

p
1

r þ m=2
� jt � xjrðjmðxÞ þ x

m
2ð1 þ tÞ

m
2Þ: &

Lemma 2.4. For 0plp1; 0oao2; fAC2
l;a; nX3; we have

jjj3V 000
n f jj�0pC

ffiffiffi
n

p
jj f jj�2; ð2:3Þ

and

jjj2V 000
n f jj�0pCnjj f jj�2: ð2:4Þ
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Proof. Using the relations j2ðxÞV 0
nþ2;kðxÞ ¼ ðn þ 2Þð k

nþ2
� xÞVnþ2;kðxÞ and

V 00
n ð f ; xÞ ¼ nðn þ 1Þ

P
N

k¼0 Vnþ2;kðxÞ D
-

2
1
n

f ðk
n
Þ; we have

jj3þaðl�1ÞðxÞV 000
n ð f ; xÞj

¼ nðn þ 1Þðn þ 2Þj1þaðl�1ÞðxÞ
XN
k¼0

k

n þ 2
� x

� �
Vnþ2;kðxÞ

�����
�
Z 1

n

0

Z 1
n

0

f 00 k

n
þ s þ t

� �
ds dt

�����
pjj f jj�2 � j1þaðl�1ÞðxÞnðn þ 1Þðn þ 2Þ

�
XN
k¼0

k

n þ 2
� x

����
����Vnþ2;kðxÞ �

Z 1
n

0

Z 1
n

0

j�2�aðl�1Þ k

n
þ s þ t

� �
ds dt:

Using the Hölder inequality and the relation (cf. [7]):

Z 1
n

0

Z 1
n

0

j�2 k

n
þ u þ v

� �
du dvp

C

nðn þ 1Þj
�2 k þ 1

n

� �
;

we can get

Z 1
n

0

Z 1
n

0

j�2�aðl�1Þ k

n
þ s þ t

� �
ds dt

�����
�����

p
Z 1

n

0

Z 1
n

0

j�2 k

n
þ s þ t

� �
ds dt

 !2þaðl�1Þ
2

�
Z 1

n

0

Z 1
n

0

ds dt

 !1�2þaðl�1Þ
2

pnaðl�1Þ � C

nðn þ 1Þj
�2 k þ 1

n

� �� �2þaðl�1Þ
2

¼ Cn�2j�2�aðl�1Þ k þ 1

n

� �
; ð2:5Þ

thus, by the Hölder inequality and Lemmas 2.1, 2.2, we can deduce,

jj3þaðl�1ÞðxÞV 000
n ð f ; xÞjpjj f jj�2j1þaðl�1ÞðxÞnðn þ 1Þðn þ 2Þ

�
XN
k¼0

k

n þ 2
� x

� �2

Vnþ2;kðxÞ
 !1

2

�
XN
k¼0

Z 1
n

0

Z 1
n

0

j�2�aðl�1Þ k

n
þ s þ t

� �
ds dt

 !2

Vnþ2;kðxÞ

0
@

1
A

1
2
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pCjj f jj�2nðn þ 1Þðn þ 2Þ j2ðxÞ
n þ 2

� �1=2

j1þaðl�1ÞðxÞ � 1

n2

�
XN
k¼0

j�4�2aðl�1Þ k þ 1

n

� �
Vnþ2;kðxÞ

 !1
2

pCjj f jj�2
ffiffiffi
n

p
j2þaðl�1ÞðxÞ

XN
k¼0

j�4 k þ 1

n

� �
Vnþ2;kðxÞ

 !2þaðl�1Þ
4

pC
ffiffiffi
n

p
jj f jj�2:

This is (2.3). Next we prove (2.4).
By [3, (9.4.3)] we have

jj2þaðl�1ÞðxÞV 000
n ð f ; xÞj

¼ jnðn þ 1Þðn þ 2Þj2þaðl�1ÞðxÞ
XN
k¼0

~DD3
1
n

f
k

n

� �
Vnþ3;kðxÞj

pCn3j2þaðl�1ÞðxÞ
XN
k¼0

Z 1
n

0

Z 1
n

0

f 00 k þ 1

n
þ u þ v

� �
du dv

�����
�����Vnþ3;kðxÞ

 

þ
XN
k¼0

Z 1
n

0

Z 1
n

0

f 00 k

n
þ u þ v

� �
du dv

�����
�����Vnþ3;kðxÞ

!

¼: Cn3j2þaðl�1ÞðxÞðI1 þ I2Þ:

From (2.5) and the procedure of the proof of (2.1), we get

I1p jj f jj�2
XN
k¼0

Z 1
n

0

Z 1
n

0

j�2�aðl�1Þ k þ 1

n
þ u þ v

� �
du dv

�����
�����Vnþ3;kðxÞ

pCjj f jj�2n�2
XN
k¼0

j�2�aðl�1Þ k þ 2

n

� �
Vnþ3;kðxÞpCjj f jj�2n�2j�2�aðl�1ÞðxÞ:

I2p jj f jj�2
XN
k¼0

Z 1
n

0

Z 1
n

0

j�2�aðl�1Þ k

n
þ u þ v

� �
du dv

�����
�����Vnþ3;kðxÞ

pCjj f jj�2n�2
XN
k¼0

j�2�aðl�1Þ k þ 1

n

� �
Vnþ3;kðxÞpCjj f jj�2n�2j�2�aðl�1ÞðxÞ:

Hence we have

jj2þaðl�1ÞðxÞV 000
n ð f ; xÞjpCnjj f jj�2:

This is (2.4). &
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Lemma 2.5. For 0plp1; 0oao2; nX4; f ðiÞðxÞAC0
l;a; i ¼ 0; 1; 2; 3;j3 f 000AC0

l;a; we

have

Vn f � f � j2 f 00

2n

����
����

����
����
�

0

pCðn�3
2jjj3 f 000jj�0 þ n�2jjj2 f 000jj�0Þ: ð2:6Þ

Proof. We expand f ðtÞ by the Taylor formula

f ðtÞ ¼ f ðxÞ þ f 0ðxÞðt � xÞ þ 1

2
f 00ðxÞðt � xÞ2 þ 1

2

Z t

x

ðt � vÞ2 f 000ðvÞ dv;

and use Lemma 2.1 to obtain

jaðl�1ÞðxÞ Vnð f ; xÞ � f ðxÞ � j2ðxÞf 00ðxÞ
2n

� �
¼ Inð f ; xÞ; ð2:7Þ

where Inð f ; xÞ ¼ 1

2
jaðl�1ÞðxÞVnð

R t

x
ðt � vÞ2 f 000ðvÞ dv; xÞ:

By [3, (9.4.14)], for xAEn ¼ ½1
n
;NÞ; we have

Vnððt � xÞ2m; xÞpC
j2mðxÞ

nm
: ð2:8Þ

By Lemma 2.1, for xAEc
n ¼ ½0; 1

n
Þ; we have

Vnððt � xÞ4; xÞpC
j2ðxÞ

n3
: ð2:9Þ

Next we will estimate (2.7) in two cases: xAEn and xAEc
n:

For xAEn; by (2.8) and Lemma 2.3, we can get

jInð f ; xÞjp 1

2
jaðl�1ÞðxÞ �

XN
k¼0

Z k
n

x

k

n
� v

� �2

f 000ðvÞ dv

������
������Vn;kðxÞ

p jjj3 f 000jj�0jaðl�1ÞðxÞ �
XN
k¼0

Z k
n

x

jk
n
� vj2

j3þaðl�1ÞðvÞ dv

������
������Vn;kðxÞ

p jjj3 f 000jj�0jaðl�1ÞðxÞ �
XN
k¼0

k

n
� x

����
����
3

� j�3�aðl�1ÞðxÞ þ x�3þaðl�1Þ
2 1 þ k

n

� ��3þaðl�1Þ
2

2
4

3
5Vn;kðxÞ: ð2:10Þ
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Using (2.8) we get

XN
k¼0

k

n
� x

����
����
3

j�3�aðl�1ÞðxÞVn;kðxÞ

pj�3�aðl�1ÞðxÞ
XN
k¼0

k

n
� x

����
����
6

Vn;kðxÞ
 !1

2

pCj�3�aðl�1ÞðxÞj
3ðxÞ

n
3
2

¼ Cn�
3
2j�3�aðl�1ÞðxÞ; ð2:11Þ

and by Lemma 2.2, we have

XN
k¼0

k

n
� x

����
����
3

x�3þaðl�1Þ
2 1 þ k

n

� ��3þaðl�1Þ
2

Vn;kðxÞ

px�3þaðl�1Þ
2

XN
k¼0

k

n
� x

����
����
6

Vn;kðxÞ
 !1

2

�
XN
k¼0

1 þ k

n

� ��3�aðl�1Þ
Vn;kðxÞ

 !1
2

pCx�3þaðl�1Þ
2

j3ðxÞ
n
ffiffiffi
n

p �
XN
k¼0

n

n þ k

� �3

Vn;kðxÞ
 !3þaðl�1Þ

6

pCx�3þaðl�1Þ
2

j3ðxÞ
n
ffiffiffi
n

p � ð1 þ xÞ�
3þaðl�1Þ

2 ¼ Cn�
3
2j�aðl�1ÞðxÞ: ð2:12Þ

From (2.10)–(2.12) we obtain for xAEn

jInð f ; xÞjpCn�3
2jjj3 f 000jj�0: ð2:13Þ

For xAEc
n; by Lemma 2.3 we have

jInð f ; xÞjp 1

2
jaðl�1ÞðxÞ �

XN
k¼0

Z k
n

x

k

n
� v

� �2

f 000ðvÞ dv

������
������Vn;kðxÞ

p jjj2 f 000jj�0jaðl�1ÞðxÞ �
XN
k¼0

Z k
n

x

jk
n
� vj2

j2þaðl�1ÞðvÞ dv

������
������Vn;kðxÞ

p jjj2 f 000jj�0jaðl�1ÞðxÞ �
XN
k¼0

k

n
� x

����
����
3

� j�2�aðl�1ÞðxÞ

2
4

þ x�2þaðl�1Þ
2 1 þ k

n

� ��2þaðl�1Þ
2

3
5Vn;kðxÞ:
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Note that for xAEc
n;jðxÞB

ffiffiffi
x

p
; so we have for xAEc

n

j�2�aðl�1ÞðxÞ þ x 1 þ k

n

� �� ��2þaðl�1Þ
2

pj�2�aðl�1ÞðxÞ þ x�2þaðl�1Þ
2 p2j�2�aðl�1ÞðxÞ:

Hence we get for xAEc
n by (2.9)

jInð f ; xÞjpCjaðl�1ÞðxÞj�2�aðl�1ÞðxÞjjj2 f 000jj�0
XN
k¼0

k

n
� v

����
����
3

Vn;kðxÞ

pCj�2ðxÞjjj2 f 000jj�0
XN
k¼0

k

n
� v

����
����
2

Vn;kðxÞ
 !1

2

�
XN
k¼0

jk
n
� vj4Vn;kðxÞ

 !1
2

pCn�2jjj2 f 000jj�0: ð2:14Þ

Combining (2.13) and (2.14), we obtain

jInð f ; xÞjpCðn�3=2jjj3 f 000jj�0 þ n�2jjj2 f 000jj�0Þ:

Thus we have proved (2.6).

Lemma 2.6 (Guo et al. [6, (2.1)]). For 0plp1; 0oao2; fAC0
l;a; we have

jjVn f jj�2pCnjj f jj�0:

Lemma 2.7 (Guo et al. [6, Lemma 2.5]). For 0pgp2; t40; xXt; and either of

(i) 0oto1;
(ii) xX2t

is satisfied, then we haveZ t
2

�t
2

Z t
2

�t
2

j�gðx þ u þ vÞ du dvpCðgÞt2j�gðxÞ:

Lemma 2.8. For fAC0
l;a; we have

jjVn f jj�0p2jj f jj�0:

ARTICLE IN PRESS
S. Guo, Q. Qi / Journal of Approximation Theory 124 (2003) 219–231 227



Proof. By the relations Vnðt; xÞ ¼ x;Vnðt2; xÞ ¼ j2ðxÞ
n

þ x2 and the Hölder inequality,

we can write

jaðl�1ÞðxÞ
XN
k¼0

Vn;kðxÞf
k

n

� ������
�����p jj f jj�0 � jaðl�1ÞðxÞ

XN
k¼0

Vn;kðxÞjað1�lÞ k

n

� ������
�����

p jj f jj�0 � jaðl�1ÞðxÞ
XN
k¼0

Vn;kðxÞj2 k

n

� � !að1�lÞ
2

p 2jj f jj�0:

3. Main results

With the lemmas in Section 2, we will prove our main results in this section.

Theorem 3.1. Suppose 0plp1; 0oao2; nX4; fAC0
l;a; there exists a constant K41;

for lXKn; we have

Ka
l f ;

1

n

� �
pC

l

n
ðjjVn f � f jj�0 þ jjVl f � f jj�0Þ:

Proof. Using the definition of Ka
l ð f ; 1

n
Þ and Lemma 2.8, we have

Ka
l f ; 1

n

� �
pjj f � V2

n f jj�0 þ 1
n
jjV 2

n f jj�2p2jjVn f � f jj�0 þ 1
n
jjV 2

n f jj�2: ð3:1Þ

From Lemma 2.5, we have

VlðV2
n f Þ � V 2

n f � j2ðV2
n f Þ00

2l

����
����

����
����
�

0

pCðl�
3
2jjj3ðV2

n f Þ000jj�0 þ l�2jjj2ðV 2
n f Þ000jj�0Þ;

therefore, combining Lemmas 2.4, 2.6, 2.8, we get

1

2l
jjV2

n f jj�2pjjVlðV 2
n f Þ � V 2

n f jj�0 þ Cl�
3
2jjj3ðV2

n f Þ000jj�0 þ Cl�2jjj2ðV 2
n f Þ000jj�0

pjjVlðV 2
n f Þ � V 2

n f jj�0 þ Cl�
3
2
ffiffiffi
n

p
jjVn f jj�2 þ Cl�2njjVn f jj�2

¼ jjVlðV 2
n f � Vn f Þ þ VlðVn f � f Þ þ Vl f � f þ f � Vn f þ Vn f � V2

n f jj�0

þ Cðl�
3
2
ffiffiffi
n

p
þ l�2nÞjjVn f � V 2

n f þ V2
n f jj�2

pCðjjVl f � f jj�0 þ jjVn f � f jj�0 þ ðl�
3
2n

3
2 þ l�2n2ÞjjVn f � f jj�0

þ ðl�
3
2
ffiffiffi
n

p
þ l�2nÞjjV 2

n f jj�2Þ:

For lXKn; we can choose K41 such that Cðl�
3
2
ffiffiffi
n

p
þ l�2nÞp 1

4l
:
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Then, 1
4l
jjV 2

n f jj�2pCðjjVl f � f jj�0 þ jjVn f � f jj�0: Therefore, (3.1) implies

Theorem 3.1. &

Theorem 3.2. Under the condition of Theorem 3.1, one has

jjaðl�1ÞðxÞD2
hjl f ðxÞjpCKa

l ð f ; h2j2ðl�1ÞðxÞÞ;

where D2
hjl f ðxÞ ¼ f ðx þ hjlðxÞÞ � 2 f ðxÞ þ f ðx � hjlðxÞÞ:

Proof. According to the definition of Ka
l ð f ; t2Þ; for fixed x; l; a; there exists gx;l;a

:¼ gAC2
l;a such that

jj f � gjj�0 þ h2j2ðl�1ÞðxÞjjgjj�2p2Ka
l ð f ; h2j2ðl�1ÞðxÞÞ: ð3:2Þ

On the other hand,

jD2
hjl f ðxÞjpjD2

hjlð f � gÞðxÞj þ jD2
hjlgðxÞj: ð3:3Þ

For the first summand of (3.3), since jað1�lÞðxÞ is a monotone increasing function

and xXhjlðxÞ; 0pað1 � lÞo2; we have

jD2
hjlð f � gÞðxÞj ¼ jð f � gÞðx þ hjlðxÞÞ � 2ð f � gÞðxÞ þ ð f � gÞðx � hjlðxÞÞj

p jj f � gjj�0 � jjað1�lÞðx þ hjlðxÞÞ þ 2jað1�lÞðxÞ

þ jað1�lÞðx � hjlðxÞÞj

p jj f � gjj�0 � jjað1�lÞð2xÞ þ 3jað1�lÞðxÞj

p 7jað1�lÞðxÞ � jj f � gjj�0: ð3:4Þ

For the second summand of (3.3), for xXhjlðxÞ; by Lemma 2.7, we have

jD2
hjlgðxÞj ¼

Z hjlðxÞ
2

�hjlðxÞ
2

Z hjlðxÞ
2

�hjlðxÞ
2

g00ðx þ u þ vÞ du dv

������
������

p jjgjj�2 �
Z hjlðxÞ

2

�hjlðxÞ
2

Z hjlðxÞ
2

�hjlðxÞ
2

j�2það1�lÞðx þ u þ vÞ du dv

������
������

pCjjgjj�2h2jða�2Þð1�lÞðxÞ: ð3:5Þ

Combining (3.3)–(3.5), we have

jjaðl�1ÞðxÞD2
hjl f ðxÞjpCðjj f � gjj�0 þ h2j2ðl�1ÞðxÞjjgjj�2Þp2CKa

l ð f ; h2j2ðl�1ÞðxÞÞ:

The proof is complete. &
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Corollary 3.1. Let l ¼ 1; fAC½0;NÞ; there exist a constant K41 such that

o2
j f ;

1ffiffiffi
n

p
� �

pCðjjVn f � f jjC½0;NÞ þ jjVKn f � f jjC½0;NÞÞ; ð3:6Þ

here o2
jð f ; tÞ ¼ sup0ohptsupx7hjðxÞA½0;NÞjD2

hj f ðxÞj:

Proof. For l ¼ 1;Ka
l ð f ; t2Þ is the usual K-functional Kjð f ; t2Þ ¼ infgfjj f �

gjjC½0;NÞ þ t2jjj2g00jjC½0;NÞ; g0AA:C:locg; which is equivalent to o2
jð f ; tÞ (cf. [3]). One

immediately obtains (3.6) from Theorem 3.1. &

Corollary 3.2. For 0oao2; 0plp1; fAC½0;NÞ; we have

jVnð f ; xÞ � f ðxÞj ¼ O n
�
a
2jað1�lÞðxÞ

 !
) o2

jlð f ; tÞ ¼ OðtaÞ;

here o2
jlð f ; tÞ ¼ sup0ohpt supx7hjlðxÞA½0;NÞ jD2

hjl f ðxÞj:

Proof. From the condition jVnð f ; xÞ � f ðxÞj ¼ Oððn�1
2j1�lðxÞÞaÞ and Theorem 3.1,

we have Ka
l ð f ; 1

n
Þ ¼ Oðn�a

2Þ: For t : 0oto1; we can choose nAN such that
1ffiffiffiffiffiffi
nþ1

p otp 1ffiffi
n

p ; then Ka
l ð f ; t2ÞpKa

l ð f ; n�1ÞpCta: By Theorem 3.2, we get

jjaðl�1ÞðxÞD2
hjl f ðxÞjpCKa

l ð f ; h2j2ðl�1ÞðxÞÞpChajaðl�1ÞðxÞ:

That is o2
jlð f ; tÞ ¼ OðtaÞ: &
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